The elastic backbone is the set of all shortest paths. We found a new phase transition at p eb above the classical percolation threshold at which the elastic backbone becomes dense. At this transition in 2d its fractal dimension is 1.750±0.003, and one obtains a novel set of critical exponents β eb = 0.50 ± 0.02, γ eb = 1.97 ± 0.05, and ν eb = 2.00 ± 0.02 fulfilling consistent critical scaling laws. Interestingly, however, the hyperscaling relation is violated. Using Binder's cumulant, we determine, with high precision, the critical probabilities p eb for the triangular and tilted square lattice for site and bond percolation. This transition describes a sudden rigidification as a function of density when stretching a damaged tissue.
The elastic backbone is the set of all shortest paths. We found a new phase transition at p eb above the classical percolation threshold at which the elastic backbone becomes dense. At this transition in 2d its fractal dimension is 1.750±0.003, and one obtains a novel set of critical exponents β eb = 0.50 ± 0.02, γ eb = 1.97 ± 0.05, and ν eb = 2.00 ± 0.02 fulfilling consistent critical scaling laws. Interestingly, however, the hyperscaling relation is violated. Using Binder's cumulant, we determine, with high precision, the critical probabilities p eb for the triangular and tilted square lattice for site and bond percolation. This transition describes a sudden rigidification as a function of density when stretching a damaged tissue. Despite being one of the simplest and most studied models, classical percolation [1] [2] [3] [4] still bears yet uncovered surprises. It is well known that at the percolation threshold (p c ) the shortest path between two opposite sides of the system is fractal, with a fractal dimension that is only known numerically to be d sp = 1.1307±0.0004 [5] [6] [7] [8] in two dimension and increases with dimension, until becoming two at and above the critical dimension d = 6. In fact the shortest path is not unique: several shortest paths can exist simultaneously and the set of all shortest paths has been called elastic backbone in the past [9] , because it is the subset of the backbone that, when elongated, would give the first contribution to a restoring force. The elastic backbone indeed determines the first resistance that is felt, when stretching damaged [10] [11] [12] or biological tissues [13] [14] [15] [16] [17] [18] and thus has experimental relevance. It has been numerically established that at the percolation threshold p c its fractal dimension is indistinguishable from the one of the shortest path [9] . Here we report on the discovery that, above the classical percolation threshold p c , there exists another critical probability p eb > p c at which the elastic backbone becomes dense. While its dimension is known to be d sp at p c , our results in two dimensions show that it becomes unity between p c and p eb , it is 1.750±0.003 at p eb , and is equal to two above. At p eb we reveal critical scaling laws and a set of exponents, however, violating hyperscaling.
We simulated two-dimensional percolation configurations at occupation probability p for systems of size L×L with periodic boundary conditions in horizontal direction and open boundaries at top and bottom. Using the burning algorithm, we identified for each configuration the elastic backbone, i.e. the set of all shortest paths [9] . We considered site and bond percolation on the triangular lattice and on two types of square lattices, namely, tilted and non-tilted. In Fig. 1 we see the elastic back- * Correspondence to: cesar@fisica.ufc.br bones for site percolation on a tilted square lattice for three different probabilities below, at and above p eb .
We define the quantity M eb as the mass of the elastic backbone, i.e., the number of sites that belong to the elastic backbone, and its density as m L (p) = M eb /N , where N is the total number of sites of the lattice. In on the triangular lattice and find that there exists a clear phase transition at a value p eb > p c at which the elastic backbone becomes dense, with m acting as order parameter of this transition. Using finite size scaling, p eb can be determined more precisely as shown in the inset, yielding also an estimate for the exponent β eb /ν eb = 0.25 ± 0.02. The threshold p eb can be determined even more precisely using Binder's cumulant defined as
In Fig. 3 we show the analysis of Binder's cumulant for site percolation on the triangular lattice, where we obtain p eb = 0.7065 ± 0.0004. Moreover, by applying the same analysis, we find for site percolation p eb = 1 on the normal square lattice and p eb = 0.7055 ± 0.0005 on the tilted square lattice. For bond percolation, we obtain p eb = 0.8030 ± 0.0005 on the tilted square lattice and p eb = 0.6450 ± 0.0004 on the triangular lattice. At p = 1, for the square lattice, starting from a given node in the border, there is just one shortest path of size L reaching the other side. In this way, the square lattice leaves the dense phase for any fraction of nodes removed. For the triangular and tilted lattices, on the other hand, there are 2 L different shortest paths (of size L) reaching the other side. This much larger number of shortest paths increases the mass of the elastic backbone, and therefore the triangular and tilted lattices remain dense, even after some sites have been removed. It should be noted that a similar dependence on the lattice is observed in other models. In the case of Rigidity Percolation [19] [20] [21] [22] , a transition on the triangular lattice is observed at finite p, while rigidity is only attained at p = 1 for the square lattice [23] [24] [25] .
The fractal dimension d f of the elastic backbone is ob- tained directly from the double-logarithmic plot of the mass of the elastic backbone M eb against the linear size L of the considered lattice, at the threshold p eb . We find that the elastic backbone is fractal with a fractal dimension d f = 1.750 ± 0.003 for all studied models, while for p c < p < p eb it is one-dimensional, as shown in Fig. 4 . In this case, although the spanning cluster is dense, the existence of various holes prevents the effective coalescence of the shortest paths present in the system, therefore leading to an elastic backbone which is a fractal. At the threshold p eb , the exponent β/ν is then obtained from the relation β/ν = d − d f , resulting, for all studied models, in β/ν = 0.250 ± 0.003. Moreover, the response function of the order parameter, i.e. what would correspond in magnetic systems to the susceptibility, χ = N ( m 2 eb − m eb 2 ), diverges at the critical threshold p eb with an exponent γ eb /ν eb = 1.00 ± 0.02 for all models considered, as shown in Fig. 5 for site percolation on the tilted square and triangular lattices. Finally, we also perform a full finite-size scaling analysis for m L (p) and for χ L (p) of the form,
where ε = (p−p eb ) is the distance from the critical threshold. The exponents β eb /ν eb , γ eb /ν eb , and ν eb are, respectively, associated with the decay of the order parameter, the divergence of the susceptibility, and the finite-size effects.
As shown in Fig. 6 , for the specific case of site percolation on the triangular lattice, we obtain excellent data collapse for values β eb = 0.50 ± 0.03, γ eb = 1.97 ± 0.05 and ν eb = 2.00±0.04. We note that hyperscaling relation 2β eb + γ eb = dν eb is violated [26, 27] . Similar data collapse with the same exponents have been found for the other considered lattices.
We also studied the elastic backbone transitions on a lattice model that mixes the features of normal square and triangular lattices, by adding to the normal square lattice with probability q some additional diagonals going from top-left to bottom-right. In this way, for q = 0, we obtain a normal square lattice and, for q = 1, a triangular lattice. For every value of q > 0, we found a value of p c (q) < 1 at which the elastic backbone becomes dense. In Fig. 7a we show the finite-size scaling of the mass M eb of the elastic backbone for site percolation at p eb (q), for q = 0.06 and q = 0.80. The results show that the fractal dimension is within error bars the same for both cases. Moreover, we calculated these fractal dimensions at p c (q) for different values of q > 0 and found that they do not depend on q. This underlines, on one hand, the universality of d eb and questions, on the other hand, any relation to Rigidity Percolation [19] [20] [21] [22] , which does exhibit a transition at an intermediate value of q. In Fig. 7b , we show the phase diagram between percolation probability p and the density of diagonals q, where three phases are identified. In the non-percolating phase, the spanning cluster is absent and consequently the elastic backbone does not percolate. The non-percolating phase is bounded by the curve p c (q) which represents the classical percolation thresholds. The non-dense phase is characterized by a linear scaling with L of the elastic backbone and it is bounded by the curves p c (q) on the bottom and p eb (q) on the top, which defines the critical line along which the order parameter m L (p) vanishes and the elastic backbone is fractal. In the dense phase, the dimension of the elastic backbone is equal to the dimension of the lattice considered.
Concluding, we discovered that the mass of the elastic backbone serves as order parameter for a new transition within the connected phase of classical percolation, exhibiting a new set of critical exponents β eb ≈ 1/2, γ eb ≈ 2, ν eb ≈ 2, and d f ≈ 7/4 in two dimensions. Interestingly, however, hyperscaling is violated, being this to our knowledge the first example for a violation of hyperscaling in a purely geometrical model. It would be also interesting to investigate higher dimensions and try to formulate a mean-field approximation. Similar transitions for elastic backbones could be expected in models with tunable disorder [28] [29] [30] [31] [32] [33] [34] [35] [36] .
Our findings have direct consequences to the stretching of random fibrous materials like biological tissues: when the first restoring force is felt, the resistance will grow very gently with displacement below the threshold p eb , while above p eb the system will then to be instead very stiff. It is thus a transition between two very different stress-strain relations for a damaged tissue. Furthermore, there exists an interesting similarity between the elastic backbone percolation, as introduced here, and the phase transition associated to Rigidity Percolation, since the stressed backbone [37] [38] [39] is a fractal whose dimension (d f = 1.78 ± 0.02) is very close to the fractal dimension of the elastic backbone at p eb . For non-tilted square lattices, in both cases, the transition is shifted to p = 1 [23] [24] [25] . Nevertheless the two transitions describe different phenomena, since they are in general Phase diagram between percolation probability p and the density of diagonals q. Three phases can be identified. The non-percolating phase, where the spanning cluster is absent, bounded on top by the curve pc(q) (filled circles) which represents the classical percolation thresholds. The non-dense phase is bounded by the curve pc(q) on the bottom and the curve p eb (q) on the top (stars) that is the critical line along which the order parameter mL(p) vanishes and the elastic backbone is fractal. Finally, in the dense phase on the top the elastic backbone becomes dense.
located at different thresholds values and have a different set of critical exponents.
